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Abstract 

We study the Seiberg-Witten-Whitham equations in the strong coupling regime of 
the M = 2 super Yang-Mills theory in the vicinity of the maximal singularities. In the 
case of SU (2) the Seiberg-Witten-Whitham equations fix completely the strong coupling 
expansion. For higher rank SU (N) they provide a set of non-trivial constraints on the 
form of this expansion. As an example, we study the off-diagonal couplings at the maximal 
point for which we propose an ansatz that fulfills all the equations. 
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The low energy dynamics of M = 2 supersymmetric gauge theories is governed by 
a single holomorphic function T known as the effective prepotential. A self-consistent 
proposal for this function has been done a few years ago by Seiberg and Witten |]J in the 
SU(2) case and generalized to SU(N) by many authors ||. The Seiberg- Witten solution 
for the effective theory of M = 2 super Yang-Mills can be embedded into the Whitham 
hierarchy associated to the periodic Toda lattice |§ . The link between both constructions 
is summarized in the statement that the prepotential of the M = 2 Yang-Mills theory 
corresponds to the logarithm of the Toda's quasiclassical tau function. 

On the Whitham hierarchy side, there is a family of new variables entering into the 
prepotential known as slow times. They can be promoted to spurion superfields that 
softly break TV = 2 supersymmetry down to TV = with higher Casimir perturbations 
something that might drive the theory to a vacuum placed in the neighborhood 
of the so-called Argyres-Douglas singularities ||. Aside from this physical motivation 
and its mathematical interest, the Seiberg- Witten- Whitham (SWW) correspondence also 
provides us with new techniques to explore the structure of the effective action of M = 2 
theories. In Ref. 0, for example, the second derivatives of the prepotential with respect 
to the Whitham times were computed and shown to be given in terms of Riemann Theta 
functions associated to the root lattice of the gauge group. When evaluated in the Seiberg- 
Witten theory, these formulae were shown to provide a powerful tool to compute all 
instanton corrections to the effective prepotential of SU (N) M = 2 super Yang-Mills 
theory from the one- loop contribution through a recursive relation 

It is the aim of this letter to apply the Seiberg- Witten- Whitham equations to the strong 
coupling regime of the M = 2 super Yang- Mills theory with gauge group SU (N). We will 
start by considering M = 2 577(2) super Yang-Mills theory and show that, starting from 
the Whitham hierarchy side, the exact effective prepotential near the monopole singularity 
is obtained in a remarkably simple way up to arbitrary order in the dual variable. We 
will then consider the generic 577 (N) case and show that the SWW equations do not give 
a closed recursive procedure to perform the same computation. Nevertheless, as we will 
see, these equations can be used to study the couplings between different magnetic U(l) 
factors at the maximal singularities of the moduli space. 

Let us start with a brief description of our general framework. The low-energy dynam- 
ics of SU(N) M = 2 super Yang-Mills theory is described in terms of the hyperelliptic 
curve 

y 2 = P 2 (\,u k )-4A™, (1) 
where P(X,Uk) = \ N — J2k=2 u k^ N ~ k is the characteristic polynomial of SU(N) and 
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Uk, k = 2, ...,N are the Casimirs of the gauge group. This curve can be identified with 
the spectral curve of the N site periodic Toda lattice and, moreover, the prepotential of 
the effective theory is essentially the logarithm of the corresponding quasiclassical tau 
function, hence depending on the slow times T n , 1 < n < N — 1, of the corresponding 
Whitham hierarchy^ || . The derivatives of the prepotential with respect to the Whitham 
slow times have been obtained in Ref. |J. When restricted to the submanifold T n>1 = 0, 
where the Seiberg-Witten solution lives (we may identify T\ with A in this submanifold 
@]), the first derivatives are simply 

dT $ dT 8 

- — :/T2 T^T = 7. — — lt-n+1 > 



d log A 2m dT n 2nin 

while the second order derivatives with respect to the Whitham slow times result in 
d 2 T f3 2 dU 2 dU 2 1 



<9(logA) 2 2ni da} da? in 13 

d 2 T (3 2 dH 2 dH n+1 1 



d Ti AogQ E (Q\r) , 



-d n AogQ E (0\r) , (3) 



<91ogA<9T n 2nin da i dai in 

d 2 T P ( (3 dH m+l 8H n+l 1 \ 

with m, n > 2 and (3 = 2N. The functions H m> n are certain homogeneous combinations 
of the Casimirs given by 

W TO+ i, n +i = — — resoo (P m/N (\)dP+ N (\)) and H m +i = H m +\, 2 = u m+1 + 0{u m ) . 

mm. \ / 



Here (j2 



mn 

k x L_ oa CkX k ^j = J2h=o c k^ k an d res oo stands for the usual Cauchy residue at infin- 
ity. Notice that, for instance, TC 2>2 = H 2 = u 2 , Tiz, 2 = H3 = w 3 and 7^3,3 = + ^ru 2 ,. 

The characteristic E of the Theta function entering the previous expressions can be 
read, for example, from the blow-up formula derived in Ref. for twisted Af = 2 super- 
symmetric gauge theory to be a = (0, . . . , 0) and (3 = (1/2, ... , 1/2). This is the -even 
and half-integer- characteristic of the Theta function when we express it in terms of elec- 
tric variables. If we are to consider the physics near the Af = 1 (maximal) singularities, 
where generically N — 1 magnetic monopoles become massless, we should use as local 
variables the dual ao,k reached from the former a k after an S duality transformation. In 

1 It was shown in Refs.Q, [| that the relevant quantities are not T n but the rescaled Whitham slow 
times T n = T ra /T™ (in fact, the SWW correspondence also requires a rescaling of the scalar variables 
a 1 = T\a % and, consequently, of the Casimirs Uk = T^Uk). We will always work in what follows with the 
rescaled variables and, therefore, hats will be omitted everywhere. 
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Ref. Q, a careful study of the Sp(2r, Z) covariance of Eqs.(||) was performed. In general, 
if we transform under an element T of the duality group Sp(2r, Z), the variables a 1 , ao,i 
transform as a vector v l = (ao^a 4 ), v — > Tv, whereas the arguments £, r of the Theta 
function change as follows: 

T -> r r = {At + B){Ct + D)- 1 , (4) 
t - ? = [(Ct + D)- 1 ]^ , (5) 

with A l D - C l B = l r , A l C = C l A and B l D = D l B. The characteristics (understood as 
row vectors) transform as 

a -> a T = Da-Cf3 + ^diag(CD') , (6) 

(3 -> /5 r = -5a + A/3 + ^diag(AB') . (7) 

From these equations, the characteristic of the Theta function near the Af = 1 points, 
which we will call D, can be computed to be a = (1/2, . . . , 1/2) and f5 = (0, . . . , 0). The 
second derivatives of the prepotential with respect to the Whitham slow times can be 
written in this patch of the moduli space as in Eqs.(^) by replacing r — >• td and using the 
dual characteristic D in Riemann's Theta function. These formulae should be suitable to 
study the physics of Af = 2 super Yang-Mills theory near the Af = 1 singularities. Let us 
first consider, for simplicity, the SU(2) case. 



SU(2) 

There are two Af = 1 singularities related by the unbroken Z2 subgroup of the gauge 
group, occuring at each of the two points of the vanishing locus C\ : {u = ±2A 2 } (here 
u = u 2 = H2 is the quadratic Casimir of SU(2)). They correspond to a massless monopole 
and a massless dyon, in a given symplectic basis of cycles on the torus. We will study 
the point u = 2 A 2 : all quantities at the other point can be obtained through a Z 2 
transformation. The generic form of the strong coupling expansion of the prepotential at 
such singularity is given by: 

<r 1 21 a D , *A 2 ~ (ia D \ s 

where the logarithmic term, coming from the one-loop diagram that involves the light 
monopole, has the appropriate sign and factor making manifest that the theory is non- 
asymptotically free and that there is a monopole hypermultiplet weakly coupled to the 
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dual photon for ap — > 0. The remaining power series expansion comes from the inte- 
gration of infinitely many massive BPS states. We shall use in what follows the SWW 
correspondence to predict the strong coupling expansion of the prepotential (i.e., the val- 
ues of the constants T s in the expression above). There is just one SWW equation in the 
SU(2) case, namely the first one in @, and it reads 

2 



d 2 T 



du 

<9(logA) 2 = 7 [da~ D 
where $2(Q\t D ) is Jacobi's Theta function, 



1 d 

in dr D 



logtf 2 (0|r D ) 



(9) 



M0\r D ) = E e 



iir(n+l/2) 2 T L 



(10) 



Using the ansatz (|5J), one can compute the derivative of the Theta function and accomo- 
date the result as follows 

-l 



1 d 



logtf 2 (0|r 



in dr D 
where H(od) is given by 



.n=0 



,n(n+l)/2 
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,n(n+l)/2 
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,3/2 f^D 
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[Jexp 
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s=2 



mm 



s-2 




(12) 



The expression above in terms of H(od) makes it simple to expand (|TTD up to arbitrary 
order in a/). It is interesting to mention that Eqs.(|9|)-([TTD give a non-trivial consistency 
check of the dual characteristic previously derived. Indeed, being a local coordi- 
nate of the moduli space, its corresponding characteristic must be even and half-integer. 
This fact, together with the extra —1/2 factor in the logarithmic term of the prepoten- 
tial (H) -related to the fact that the massless magnetic monopole comes in an M = 2 
hypermultiplet-, leads to a unique possibility that makes both members of Eq.(g) to fit 
when an expansion in the dual variable is considered, this being (a — 1/2 , /3 — 0). Still, in 
order to compute the RHS of (§J), we must use the first equation in @ (which is nothing 
but the RG equation derived in Ref.[§]) to obtain 



du 



da 



D 



1 A 2 00 
--a D + - — 
4 4a D 



£.(. -2)* (*=£)' 



(13) 



while the LHS of the SWW equation is simply 

d 2 T 



<9(logA) 2 



?'A 2 00 



(14) 
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These expressions can be inserted into Eq.(|9|) and expanded around the vanishing value 
of the dual variable. At the end, one can recursively compute all the T s coefficients of 
the strong coupling expansion, the first few terms being 

1 2 a D iA 2 j //a i, \ /3 1 - ' ; " - 2 1 ' ; " - ; 



5 fia D \ 4 11 fia D \ 5 63 fia D \ 6 527 (ia D \ 




in precise agreement with the results of Ref.0. Notice that the solvability or complete- 
ness of the recursive relation that results from this procedure is not granted. It is also 
interesting to remark that the SWW correspondence allowed us to obtain the exact pre- 
potential near the strong coupling singularity without an explicit knowledge of the actual 
solution (a(u),ajj(u)). 

SU(N) 

The quantum moduli space of SU(N) M = 2 super Yang-Mills theory has N maximal 
singularities where N — 1 monopoles become massless simultaneously. Physical quantities 
in the neighborhood of any of these singularities can be translated to a patch in the vicinity 
of any other by the action of the unbroken discrete subgroup Zjy. We will consider in 
what follows the point where 7^2 is real and positive. The strong coupling expansion of the 
prepotential at such singular point can be written in terms of appropriate a^.i variables 
asQ 

N\ 2 2NA N ^ . 1 N ~ x 2 a D , k 

T = —A + — g a D , k M.k/N) + — g a D , log 

Y N-l i oo 

+^ E t m a D , k a D ,i + — E Fs(a D )A- 3 , (16) 

1 k+l=\ Am s=l 

where T s {(1d) are polynomials of degree s + 2 in dual variables, A& = e 3 / 2 Asin#& (with 
6k = irk/N) and r° ff , i ^ j are the values of the off-diagonal entries of the coupling 
constant at the Af = 1 point, a Dji = 0. 

Again, we shall introduce this prepotential expansion into the SWW equations (131). 
These equations allow us to relate the strong coupling expansion of homogeneous combi- 
nations of higher Casimir operators TC m with that of the prepotential. Indeed, inserting 
(0) into (|3J), we have 

^ -^Tog9 D (0|r) . (17) 



(9 log A da D i da n,j in 



2 We follow here the conventions of Ref. M] to fix the first three terms of the expansion. 
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In fact, from Eq.(|I7]), both the full expansion of the prepotential around the semiclassi- 
cal patch for SU(N) M = 2 super Yang-Mills theory as well as the strong coupling 
expansion near the maximal singularities in the SU(2) case were obtained. The gener- 
alization of this last result to SU(N), however, faces some difficulties. First, the dual 
characteristic does not lead to the vanishing of some higher contributions as it happens in 
the semiclassical expansion with the 'electric' characteristic E, a feature that allowed in 
this last case to explicitely show recursivity [|J. Second, the polynomials J r s (aD) are not 
constrained by classical symmetries -as the Weyl group in the semiclassical expansion- 
being the amount of unknowns, then, considerably higher. Third, the prepotential (fl6|) 
has powers of A of both signs such that, in spite of the fact that a grading still exists, 
many higher terms of the expansion appear in the lowest equations spoiling recursivity^. 

The SWW equations do not seem to be instrumental to study the full strong coupling 
expansion of SU(N) M = 2 super Yang-Mills theory. Other methods have been derived in 
the literature to tackle the problem of computing the higher threshold corrections J r s {ar > ). 



For example, in Ref.[TjJ this has been accomplished by parametrizing the neigborhood 
of the maximal singularities with a family of deformations of the corresponding auxiliary 
singular Riemann manifold. However, this formalism is not sensitive to quadratic terms 
in the prepotential. Thus, it does not give an answer for the couplings between different 
magnetic U(l) factors at the maximal singularities of the moduli space, encoded in the 
coefficients r° ff . The existence and importance of such terms has been first pointed out 
in Ref. [ID] by using a scaling trajectory that smoothly connects the maximal singularities 



with the semiclassical region. These terms also appear in the expression of the Donaldson- 
Witten functional for gauge group SU(N) [/J. To our knowledge, a closed formula for 
these off-diagonal couplings has not been obtained so far, except for the gauge group 
SU(3) ||. In the rest of this letter, we will apply the SWW equations to the solution of 
this problem. 

Let us first remark that Eq.fllTD is also valid for the higher Casimirs h n = l/nTr0 n , 
n = 2,...,N ||. They, as well as their particular combinations encoded in TC n , are 
homogeneous functions of od and A of degree n. Thus, at the M = 1 singularities, the 



LHS of eq.(|T7D is simply [|1 



dh N 

-f^- = n/i n = ]T(2cos4r 
d log A fc tl 



3 Notice that the same difficulties should also appear for SU(2) though, as we have explicitely shown 
above, this is not the case. The reason for this singular character of the gauge group SU(2) is nothing 
but the one-dimensional character of its Cartan subalgebra as a detailed analysis makes manifest. 
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where we used the fact that the eigenvalues of are 4>k = 2 cos 9k with 9k = (k — 1/2)tt/N. 
The derivative of the Casimir operators with respect to the dual variables can be computed 
at the same point of the moduli space, by using the explicit representation of the curve 
in terms of the Chebyshev polynomials resulting in 

dh [n/2 ~ 1] fn-l\ 

fe = -« g ( , )Mn-2l- m . (19) 

Finally, the leading couplings at the maximal singularity can be easily obtained from the 
expansion fll6|) to be 

T S=lMt) s » +T »- (20) 

where the logarithmic divergence is nothing but the expected running of the coupling 
constant to the point where N — 1 monopoles become massless. 

The derivative of the Theta function 0£> with respect to the period matrix has the 
following expression when evaluated at the M = 1 singularity 

-d T oio g Q D (o,T D ) = 2 ( £ exp(4^r)l £ ee'exp(z^v^r) . (21) 

m 4 V? fe =±i / ? fc =±i 

Now, we can insert the results ([18]), (|19D and ([H]) in equation ([17]): 

1 N [ri/2 ~ 1] (n - 1\ * ( n 

rr,£(2 cos 9 k ) n = £ sin ft sin(n - 2/ - 1)0,- £ exp (ij^r) 

ZiV fc=i z=o V 1 / \€ fe =±i 

x £ e^exp^T^O ■ (22) 

We have N — 1 equations and (N — 1)(N — 2)/2 unknowns (the components of the 
symmetric matrix r°j ). Thus, Eq.(^) has predictive power in its own for SU(3) and 
<S77(4). Indeed, we obtain for these two cases the following values: 

SU(3): t°2 ~ ijn log 2 , (23) 



T- 



13 



?/7Tlog y/2 



Notice that our result for SU(3) coincides with that of Ref. while the ones for SU(4) 
have not been found previously. For higher SU(N), further ingredients would be necessary 
in order to obtain the off-diagonal couplings at the M — 1 singularity. Instead, inspired 
by the findings in the last section of Ref.[T(|, we propose the following ansatz for r^ n : 

i 2 N ~ 1 - ~ N 

r mn = - £ sin ^9 m sin k9 n T if cos k9i cos k9 j , (25) 
71 ^ k=i i,j=i 



7 



with being given by 

T S ] = 5 ij ] °g( 2 cos °i ~ 2 cos e k? - (1 - lo g( 2 cos Oi ~ 2 cos • ( 26 ) 

Unfortunately, we are not aware of the existence of an equivalent expression in the litera- 
ture to compare with. We have checked numerically that, with our ansatz (CT)— (B^) for the 
off-diagonal couplings, the SWW equations are satisfied up to SU(ll). There is a second 
check that we can do using results that do not rely on Whitham equations at all. Douglas 
and Shenker showed that the matrix r® n at any point of the scaling trajectory diagonalizes 
in the basis {sin k9 n } with certain particular eigenvalues (see Eqs.(5.9)-(5.12) of Ref . [|T0| ) . 
The couplings (|25|)-(p6D satisfy this restrictive condition in the limit of the scaling tra- 
jectory ending at the maximal singularity. As long as our solution fl2"5D-(pSD matches 
two very stringent conditions coming from different places, we believe that it provides a 
faithful answer for r^ n as well as a highly non-trivial test of the Seiberg-Witten- Whitham 
correspondence proposed in Refs.[|]. El. 

Although we have focused on SU (N) , what we have presented should be generalizable 
to other cases. In this respect we point out that relations such as (|i~7|) hold for all the 



simply laced algebras JT2j. Many interesting problems are raised by our approach. In 



particular, it would be of great interest to implement the SWW equations all along the 



scaling trajectory introduced in Ref.|T0[, to be able to compute with them at intermediate 
patches between the maximal singularities and the semiclassical region of the quantum 
moduli space. We hope to report on this problem elsewhere. 
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